Considering the cosmological constant as the pressure, we mainly study the laws of thermodynamics and weak cosmic censorship conjecture in the Reissner-Nordström-AdS black hole surrounded by quintessence dark energy under charged particle absorbtion. The first law of thermodynamics is found to be valid as a particle is absorbed by the black hole. The second law however is found to be violated for the extremal and near-extremal black holes since the entropy of these black hole decrease. Moreover, we find that the extremal black hole do not change it configuration in the extended phase space, implying that the weak cosmic censorship conjecture is valid. Remarkably, the near-extremal black hole can be overcharged beyond the extremal condition under charged particle absorption. That is, the cosmic censorship conjecture could be violated for the near-extremal black hole in the extended phase space. To make a comparison, we also discuss the first law, second law as well as the weak cosmic censorship conjecture in the normal phase space, and find that all of them are valid in this case.
Contents 1 Introduction
Black holes are very important not only in astronomy but also in gravitation theory. For a black hole, there is a geometric singularity located at its center. If the event horizon of the black hole is unstable, the singularity of the black hole will be exposed. The exposed singularity will send uncertain information, leading to the broken of the causal relation between space and time. To avoid this situation, Penrose conjectured that the singularity should be wrapped in the center of the event horizon of the black hole, which is the socalled weak cosmic censorship conjecture [1, 2] . This conjecture also illuminates that the gravitational collapse of dust will eventually form a black hole with singularity [2] , which was proved by Penrose and Hawking [3] .
Since there is no general method to prove the weak cosmic censorship conjecture in black holes, we need to check its validity in various spacetimes. One interesting method is to check whether the final states of black holes are still black holes after the absorption. In the four-dimensional space time, Wald proved that particles making an extremal Kerr-Newman black hole overcharge or overspin would not be absorbed through Gedanken experiment [4] . This result is also applicable to scalar field [5, 6] . Later, Hubeny found that for a near-extremal Reissner-Nordström black hole, the weak cosmic censorship conjecture was violated for the charge can exceed its extremum boundary [7] . This behavior was also observed in the near-extremal Kerr and Kerr-Newman black hole [8, 9] . However, as the self-force effect was considered in the Kerr-Newman black hole, the weak cosmic censorship conjecture was found to be still valid for the event horizon was stable [10] [11] [12] . In addition, the near-extremal Reissner-Nordström black hole are also valid for this conjecture with consideration of the back-reaction effect [13, 14] . Many studies have been made on the validity of the weak cosmic censorship conjecture under different black hole backgrounds , such as black holes in Einstein's gravity theory, modified gravitational theory, black holes with low or high dimensions, and black holes with electric charge .
The cosmological constant is fixed initially. But with some later studies, the cosmological constant was considered as a variable quantity [40, 41] and the extended phase space is constructed, where the pressure of the black hole is related to the cosmological constant [42, 43] , and its thermal conjugate is the thermodynamic volume of the black hole [44, 45] . In this case, the mass of the black hole corresponds to the enthalpy, not the internal energy of the black hole thermodynamic system [46, 47] .
In the extended phase space, the first law of thermodynamics has been investigated extensively. However, there is little work to investigate the second law and the weak cosmic censorship conjecture. The validity of the first law dose not mean the second law as well as the weak cosmic censorship conjecture are valid, it thus important and necessary to study the second law and the weak cosmic censorship in the extended phase space. Recently, Ref. [48] investigated the first law, second law, as well as the weak cosmic censorship conjecture in the Reissner Nordström-AdS black holes. It was found that the first law and the weak cosmic censorship conjecture were valid, the second law was violated for the extremal and near-extremal black holes. In this study, we will extend the idea in Ref. [48] to the black holes with quintessence dark energy. We want to explore whether the second law is valid. As a result, we find that the second law is violated too for the extremal and near-extremal black holes. In other hand, it a note that we investigate the change of the minimum value of the metric function at the higher order in the process of particle absorption. This is different from their research. In Ref. [48] , they think that O( 2 ) is the high order terms of , so it can be considered to zero. However, we can not easily ignore the value of the high order term due to we can not determine the value magnitude of the δ and O( 2 ). Hence, we have extended the investigate of the changes of the minimum value of the function to the higher order. Moreover, our results show that the weak cosmic censorship conjecture could be violated for the near-extremal black hole in the extended phase space. This result has not appeared in previous studies.
The remainder of this article is organized as follows. In section 2, we briefly review the thermodynamics of the Reissner-Nordström-AdS black hole surrounded by quintessence dark energy. In section 3, we establish the first law of thermodynamics in the extended phase space firstly, and then we discuss the second law and weak cosmic censorship conjecture in this framework. In section 4, we investigate the first law, second law as well as the weak cosmic censorship conjecture in the normal phase space. Section 5 is devoted to our conclusions.
Review of the Reissner-Nordström-AdS black hole surrounded by quintessence dark energy
The metric of the spherically symmetric charged-AdS black hole surrounded by quintessence dark energy can be written as [49] 
the electric potential of the black hole is
In the above equation, M and Q are the ADM mass and charge of the black hole, l is the radius of the AdS spacetime which is related to the cosmological constant. And a is the normalization factor closely related to quintessence density and should be greater than zero. There are several circumstances for the value of ω, for −1 < ω < −1/3, it is quintessence dark energy, and for ω < −1, it is phantom dark energy. The values of state parameter ω affect the structure of spacetime. When ω = −1, it affects the AdS radius, while when ω = −1/3, it affects the curvature κ of space-time [50] . At the event horizon r h , the Hawking-temperature, Bekenstein-Hawking entropy and electric potential can be expressed as
In the extended thermodynamic phase space, the cosmological constant play the role of pressure P [42, 43] , and its thermal conjugate variable is the thermodynamic volume V of the black hole [44, 45] . The pressure and volume can be expressed as
The first law of thermodynamics thus should be written as [51, 52] 
In this case, the mass is defined as enthalpy. The relations among the enthalpy, internal energy and pressure are
In the extended phase space, the change of mass will affect not only the event horizon and the electric charge, but also the AdS radius. Therefore, we will investigate the change in the black hole by the charged particle absorption.
3 Thermodynamic and Weak Cosmic Censorship Conjecture with contributions of pressure and volume 3.1 Energy-momentum relation of the absorbed particle
In order to obtain the relationship between the conserved quantities of particles in the electric field A µ , we will employ the following Hamilton-Jacobi equation to study the dynamical of the particles [49] 
In the above equation, µ b is the mass of the particle, p µ is the momentum, and S is the Hamilton action of the particle. In the spherically symmetric spacetime, the Hamilton action of moving particle can be separated into
here E and L are the energy and angular momentum. To solve the Hamilton-Jacobi equation, we will use the inverse metric of the black hole as follows
So the Hamilton-Jacobi equation changes into
Substituting equation (3.3) into equation (3.5), we can get the radial and angular equations
Correspondingly, the radial momentum p r and angular momentum p θ of the particle can be written as
When the black hole absorbs a charged particle completely, the conserved quantity of the particle and the conserved quantity of the black hole are indistinguishable by an observer outside the horizon. By removing the separate variable K in equation (3.8), we can obtain the relationship between the energy and momentum at any radial location. Near the event horizon, we can get
For the p r term, we will choose the positive sign thereafter as done in [53] in order to assure a positive time direction.
Thermodynamics in the extended phase space
In the process of absorption, the energy and electric charge of the particle equal to the change of the internal energy and charge of the black hole, that is
In this case, the energy relation of equation (3.10) becomes as
In addition, in order to rewrite equation (3.12) to the first law of thermodynamics, we have to find the variation of the entropy. From equation (2.5), we have
13)
where dr h is the variation of the event horizon of the black hole. The absorbed particles also change the function f (r), the shift of function f (r) satisfies
where
Combining equations (3.12) and (3.11), the energy relation in the equation (3.12) can be rewritten as
Combining equations (3.14) and (3.16), we find that all the variables are eliminated except for dr h and p r , so we can get
Base on equation (3.17), we can get the variation of entropy and volume 
Because the mass of the black hole has been defined as enthalpy, the relation between the internal energy and enthalpy can be rewritten in the extended phase space as
Here, we prove that the first law of thermodynamics is still satisfied for the black hole surrounded by quintessence dark energy under the charged particle absorption. As the absorption is an irreversible process, the entropy of the final state should be greater than the initial state of the black hole. That is, under the charged particle absorption, the variation of the entropy is dS > 0. Next, we will test the validity of the second law of thermodynamics with equation (3.18) .
We first study the case of the extremal black holes, for which the temperature is zero. On the basis of this fact and equation (3.18), we can get
There is a minus sign in equation (3.23) . Therefore, the entropy is decreased for the extremal black hole. That is, the second law of thermodynamics is violated for the extremal black hole in extended phase space. Now, we focus on the near-extremal black hole. We will check whether the second law is valid in the extended phase space by studying the variation of entropy numerically. We set M = 0.5 and l = p r = 1. For the case ω = −2/3 and a = 1/3, we find the extremal charge is Q e = 0.48725900857. In the case that the charge is less than the extremal charge, we take different charge values to produce the variation of entropy. In Table 1 , we give the numeric results of r h and dS for different charges. As can be seen from Table 1 , when the charge Q of the black hole decreases, the event horizon of the black hole increases, and the variation of entropy increase too. Interestingly, there are two regions where the entropy increase are dS > 0 and dS < 0. It means that there exist a phase transition point which divides the variation of entropy into positive value and negative value. We also can obtain the relation between dS and r h , which is shown in Figure 1 . From Figure 1 , we can clearly see that there really exist a phase transition point making dS h positive and negative. When the electric charge is close to the extremal charge, the variation of entropy is negative. And when the electric charge is far away from the extremal charge, the entropy increases. Therefore, the second law of thermodynamics is violated for the near-extremal black holes and valid for the far-extremal black holes in the extended phase space. In Figure 2 and Table 2 , we set ω = −1/2 and a = 1/2. We want to explore whether the values of state parameter of dark energy affect the laws of thermodynamics. For ω = −1/2 and a = 1/2, the extremal charge is Q e = 0.525694072. Form Figure 2 and Table 2 , we also find that the second law of thermodynamics fails for the near-extremal black holes when a particle is absorbed by the black hole. 
Weak Cosmic Censorship Conjecture in the extended phase space
In the extended phase space with consideration of the thermodynamic volume, although the particle absorption is an irreversible process, the second law of thermodynamics for the extremal and near-extremal black holes are violated. Therefore, it is necessary to check the validity of the weak cosmic censorship conjecture in these cases.
If the event horizon cannot wrap the singularity after the charged particle are absorbed, the weak cosmic censorship conjecture will be invalid. So the event horizon should exist to assure the validity of the weak cosmic censorship conjecture. We will check whether there is an event horizon after the charged particle is absorbed by the black hole. We will pay attention to how f (r) = (M, Q, l, r) changes. The function f (r) has a minimum point at r min . There are three possibilities. For the case f (r) min < 0, there are two roots of f (r). Then we have an usual black hole with r + and r − , as the inner horizon and outer horizon. For the case f (r) min = 0, the two roots coincide, and the black hole becomes into an extremal black hole. For the case f (r) min > 0, the function f (r) has no real root, there is not an event horizon. At r min , we have In Ref. [48] , δ is a very small negative value and 1. When we chose δ = = 0, the equation (3.36) return to the form of the extremal black hole. This result also proves the correctness of the equation (3.30) from the side. Hence, they think that the extremal and near-extremal black holes stay at their minimum. For the near-extremal black hole, they ignore the O( 2 ) due to it is high order small value. However, because we don't know the magnitude of |δ | and O( 2 ), we can not easily ignore O( 2 ). Therefore, it would be important to find out whether there is a relationship |δ | > O( 2 ). For the near-extremal black hole, the minimum point is located slightly to the left of the outer horizon. So the value of the minimum is obtained at r min + as
where we skip to write the constant term. Namely Obviously, from above equation we find that the values of F is link with e. To gain an intuitive understanding, we plot Figure 3 and Figure 4 in follow When we take different values of e, the region where F is greater than zero appears in the graph. F > 0, that is, f (r min + dr min ) > 0. In other word, the positive region shows that there exists a rang of the particle charge which allow us to overcharge black holes into naked singularities.
In the extended phase space, we find that the change of the values of f (r min ) vanishes always after the charged particle is absorbed for the extremal black hole. That is, for the extremal black holes, the function f (r) always has a root. Therefore, the black hole has an event horizon covering its singularity. The weak cosmic censorship conjecture thus is valid for the configuration of the black hole does not change. However, we derive that the near-extremal black holes can be overcharged by absorbing charged particle. Hence, the cosmic censorship conjecture would be violated for the near-extremal black holes in the extended phase space.
Thermodynamics and the weak cosmic censorship conjecture without contributions of pressure and volume
In this section, we mainly discuss the laws of thermodynamics and examine the weak cosmic censorship conjecture of the black hole in the normal phase space. We want to explore whether the phase space affects thermodynamics and weak cosmic censorship conjecture.
Thermodynamic in the normal phase space
In the normal phase space, the mass M of the black hole is defined as energy. Meanwhile, we assume that there is no energy loss in the process of particle absorption. As the charged particle is absorbed by the black hole, the change of the internal energy and charge of the black hole satisfy E = dM, e = dQ. Due to the absorption of a charged particle, the event horizon and function f (r h ) will change, and there is always a relation
In order to eliminate the dM term, we can combine equations (4.2) and (4.3). We find that the dQ term is also eliminated in this process and we get lastly
After substituting equation (4.4) into equation (3.13), we have
Form equations (2.4) and (4.5), we get
Combining equations (2.4), (2.6) and (4.5), we get
In the normal phase space, the first law of thermodynamics of the black hole surrounded by quintessence dark energy is valid when a particle is absorbed by the black hole. With equations (4.5), we also can investigate the second law of thermodynamics. For the extremal black holes, we find the variation of the entropy is divergent, which is meaningless. So we are interested in the near-extremal black hole thereafter. We also set M = 0.5 and l = p r = 1. For case of ω = −1/2 and a = 1/2, we get the extremal charge Q e = 0.525694072. In the case that the charge is less than the extreme charge, we obtain values of r h and dS h for different charge in Table 3 . From this table, it can be clearly seen that when the charge is smaller than the extremal charge, the variation of the entropy is positive always. In Figure 3 , we present the relation between dS h and r h , we can see that the entropy increases too. Therefore, the second law of thermodynamics is valid in the normal phase space. For the case ω = −2/3, a = 1/3, we find the extremal charge is Q e = 0.48725900875. the values of r h and dS h for different charge are given in Figure 4 and Table 4 From them, we also find that the entropy increase, implying that the second law is valid. Thus far, both the first and second laws of thermodynamics hold in the normal phase space for the black hole surrounded by quintessence dark energy under charged particle absorption.
Weak Cosmic Censorship Conjecture in the normal phase space
In the normal phase, the examination of the validity of the weak cosmic censorship conjecture should also return to the value of the function f (r min ). Similarly, we will study how f (r min ) changes as charged particle are absorbed. At r min + dr min , there is also a relation ∂ r f (r min + dr min ) = 0, implying which shows that f min + df min = 0, so that the charged particle does not change the minimum value. Therefore, the weak cosmic censorship conjecture is valid for the extremal black hole surrounded by quintessence dark energy. It is interesting to note that this result same with that in the extended phase space, the configuration of the black hole has not change after the absorption, the extremal black hole is still an extremal black hole. We do the same calculation that we did in the extended phase space. For the near-extremal black hole, we also can define F N = f (r min +dr min ) 2 . Hence, we can get the express of F N in the normal phase as In Figure 7 and Figure 8 , there is no region where the value of F N is positive. Concerning this result, it is important to note that the conclusion is very different from the extended phase space. In other word, we always have f (r min + dr min ) < 0 for the near-extremal black hole in the normal phase space. Therefore, the weak cosmic censorship conjecture of the near-extremal black hole surrounded by quintessence dark energy is valid under charged particle absorption in the normal phase space.
Discussion and conclusions
In the extended phase space, the cosmological parameter has been set to be a dynamic variable and interpreted as the pressure. When the charged particle is absorbed by the black hole surrounded with quintessence dark energy, the change of the energy and the charge of the black hole were supposed to be equal to the conserved quantity of the charged particle. In this case, we found that the first law of thermodynamics was completely valid, but the second law of thermodynamics was violated for extremal and near-extremal black holes. We also studied the validity of the weak cosmic censorship conjecture. We mainly calculated the change of the minimum value of the function f (M, Q, l, r) under the charged particle absorption by studying the minimum value of the function f (M, Q, l, r). Firstly, we calculated the case of the extremal black holes. We found that the minimum value of the function was not changed under the charged particle absorption. In other words, after the charge particle absorption, the extremal black hole stays extremal. Therefore, the weak cosmic censorship conjecture is valid for the extremal black hole in the extended phase space. However, our results shown that the minimum value of the function under the absorption would appear the case of greater than zero. It has shown that the near-extremal black hole could be overcharged, which was different from the extremal black hole. That is, the cosmic censorship conjecture would be violated for the near-extremal black hole surrounded by quintessence dark energy after absorbs the charged particle in the extended phase space. Moreover, the result we get in the extended phase space is different from previous conclusions. Compared to previous researches, we made accurate comparisons and calculations at the minimum values of the function.
In normal phase space, the cosmological constant is definite. We found that the first and second laws of thermodynamics are both satisfied under the particle absorption. In addition, the weak cosmic censorship conjecture was also checked. For the case of extremal black hole, we found that the configuration of the black hole surrounded by quintessence dark energy also has not changed after absorbs charged particle, which is same as in the extended phase space. The result implies that the extremal black hole could not be overcharged in the normal phase space. Interestingly, for the case of near-extremal black hole, the minimum value of the function is still negative when the particle is absorbs into the black hole, which is different form that in the extended phase space. That is, the weak cosmic censorship conjecture is valid for the near-extremal black holes in the normal phase space.
